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a matching M is a subset of edges such that no two edges
In M share an endpoint

matching M is a maximal matching if there is no matching
M Osuch that M is a proper subset of M °
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Distributed network

MESSAGE PASSING MODEL

undirected graph: vertices - processors
edges - communication links

Assumptions: there is a global clock and computation
proceeds in rounds
Single round operations:

send information to your neighbors

receive information from your neighbors

perform local computations For FRee
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Results overview

Maximal matching problem is an instance of a maximal
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Results overview

Maximal matching problem is an instance of a maximal
iIndependent set problem (MIS): no ef cient deterministic

distributed algorithm is known

Maximal matching: computable in O(log* n) rounds

(Hahckowiak, Karonski, Panconesi, 2001)

Approximation of the maximum matching: %-approximation
in O(log® n) rounds (CHS, 2004 )
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Results formally

Theorem. There is a distributed procedure MATCH which in
O(log® n) many communication rounds in the synchronous, dis-
tributed model of computation, computes a maximal matching M

in any graph G on N vertices.
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Results formally

Theorem. There is a distributed procedure MATCH which in
O(log® n) many communication rounds in the synchronous, dis-
tributed model of computation, computes a maximal matching M

in any graph G on N vertices.

Theorem. There is a distributed algorithm which in O(log® n)
steps nds a matching M in any graph G on n vertices, such
that

2
JM | é(G)

where (G) denotes the size of the largest matching in G:
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Main result

Theorem. There is a distributed procedure MATCHING which in
O(log* n) steps nds in any graph G(V; E) with n = jV (G)]

vertices a matching M such that
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Graph theory

Claim.

(a) Let M be an arbitrary matching in G: If there are no paths of length at

most three augmenting M; then

2
IM| = :
M]3 (G)

(b) Let M be a maximal matching in a graph G and let P be a maximal

independent set of paths of length three augmenting M Further, let
MP%= M ( p,p E(P)) be the matching obtained by augmenting
M along the paths from P . Then there are no paths of length at most

three augmenting M %in G:

ESA 2004, Bergen — p.7



ldea of the algorithm

INpuT: graph G = (V;E); JV]J=n

ESA 2004, Bergen — p.8



ldea of the algorithm

INpuT: graph G = (V;E); JV]J=n

Find a maximal matching M in G

ESA 2004, Bergen — p.8



ldea of the algorithm

INpuT: graph G = (V;E); JV]J=n
Find a maximal matching M in G

Find a maximal set of disjoint
(M; 3) paths: paths of length 3

augmenting matching M

ESA 2004, Bergen — p.8



ldea of the algorithm

INpuT: graph G = (V;E); JV]J=n
Find a maximal matching M in G

Find a maximal set of disjoint
(M; 3) paths: paths of length 3

augmenting matching M

Augment the paths and get
matching M °

ESA 2004, Bergen — p.8



ldea of the algorithm

INpuT: graph G = (V;E); JV]J=n

Find a maximal matching M in G

use MarcH in O(log# n)

Find a maximal set of disjoint
(M; 3) paths: paths of length 3

augmenting matching M

Augment the paths and get
matching M °

ESA 2004, Bergen — p.8



ldea of the algorithm
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Finding paths requires work

1. Reduce graph G with matching M to a special
4-layered graph
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Finding paths requires work

. Reduce graph G with matching M to a special
4-layered graph

. Find a substantial set of disjoint paths in the 4-layered
graph

. Translate the paths back to graph G
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Finding paths in the 4L-graph

1. Construct multigraph G = (X 1; X2; X3; X4, F);

.
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Finding paths in the 4L-graph

1. Construct multigraph G = (X 1; X2; X3; X4, F);

2. Divide G into edge disjoint subgraphs (according to

the degrees of vertices in X 2)
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Finding paths in the 4L-graph

. Construct multigraph G = (X 1; X2; X3;X4;F);

. Divide G into blocks (according to the degrees of vertices in X 2)

. Find spanners in blocks (in parallel ) and collect them
Into "big stars”

Q= Qil[ Qiz[ Qig
lg = fio;iag
JQ = filg

O O 0O OOOOOO%X
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Finding paths in the 4L-graph
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Finding paths in the 4L-graph

. Construct multigraph G = (X 1; X2; X3;X4;F);

. Divide G into blocks (according to the degrees of vertices in X 2)

. Find spanners in blocks (in parallel ) and collect them
Into "big stars”

. Construct an auxiliary G (with supervertices corresponding to the
big stars)
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Translation

Paths in the 4L-graph correspond to paths in graph G : there

are no odd cycles

... but paths do not need to be disjoint

\ /

AN

We can handle the above
Consider the graph of paths

Find a maximal weighted independent set in the graph of paths
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Proof of correctness

Lemma. LetK < 100 C =4 andlet = ﬁ. The set of paths P

found by PATHSINALGRAPH is -path-substantial in G. The procedure
PATHSINALGRAPH runs in O(log® V (G)) steps.

ESA 2004, Bergen — p.13



Proof of correctness

Lemma. LetK < 100 C =4 andlet = ﬁ. The set of paths P

found by PATHSINALGRAPH is -path-substantial in G. The procedure
PATHSINALGRAPH runs in O(log® V (G)) steps.

1

Constructing: SPANNER and 5 SUBSTANTIAL MATCHING

ESA 2004, Bergen — p.13



Proof of correctness

Lemma. LetK < 100 C =4 andlet = ﬁ. The set of paths P

found by PATHSINALGRAPH is -path-substantial in G. The procedure
PATHSINALGRAPH runs in O(log® V (G)) steps.
7 X

1

Constructing: SPANNER and 5 SUBSTANTIAL MATCHING

ESA 2004, Bergen — p.13



Proof of correctness

Lemma. LetK < 100 C =4 andlet = =—. The set of paths P

found by PATHSINALGRAPH IS

256K

-path-substantial

in G. The

procedure PATHSINALGRAPH runs in O(log® V (G)) steps.

Constructing: sPANNER and % SUBSTANTIAL MATCHING
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Substantial set of paths

X1
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O
O

super vertex
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Better approximation ratio ?

Claim.

(a) Let M be an arbitrary matching in G: If there are no paths of lengths at

most 2k 1 augmenting M; then

K

IM] k+1

(G):

(b) Let M be a maximal matching in a graph G and let P be a maximal

independent set of paths of Iength 2l 1(1 =2;:::;k) augmenting
M: Further,letM %= M (" 5,5 E(P)) be the matching obtained
by augmenting M along the paths from P . Then there are no paths of

length at most 2l 1 augmenting M %in G:
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Finding paths

1. Repuce G to a 2L-layered graph

Vi .\. : an input graph G
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Finding paths

1. Repuce G to a 2L-layered graph
Lay(G) = ( X1; X2;:::; Xo1 3 F)

There is a 1-2 correspondence between paths in G
and paths in Lay(G)
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Final remarks

Better approximation ratio for arbitrary graphs?

Partial results due to cH2003

Theorem. Let G be a graph on N vertices that does not have
short cycles of odd length. Then there is a distributed algorithm
which in O(log¥ n) steps ndsin G a matching M; such that

K

L |

(G):

Faster algorithms ? known lower bound: (log  =loglog )
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